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Abstract

This paper mainly focuses on evaluating American options under regime-switching
jump-diffusion models (Merton’s and Kou’s models). An efficient numerical method
is designed for the concerned problems. The problem of American option pricing
under regime-switching jump-diffusion models can be described as a free-boundary
problem or a complementarity problem with integral and differential terms on an un-
bounded domain. By analyzing the relation of optimal exercise boundaries among
several options, we truncate the solving domain of regime-switching jump-diffusion
options, and present reasonable boundary conditions. For the integral terms of the
truncated model, a composite trapezoidal formula is applied, which guarantees that
the integral discretized matrix is a Toeplitz matrix. Meanwhile, a finite difference
scheme is proposed for the resulting system, which leads to a linear complementary
problem (LCP) with a unique solution. Moreover, we also prove the stability, mono-
tonicity, and consistency of the discretization scheme and estimate the convergence
order. In consideration of the characteristics of the discrete matrix, a projection and
contraction method is suggested to solve the discretized LCP. Numerical experiments
are carried out to verify the efficiency of the proposed scheme.

Keywords American option, regime-switching, jump-diffusion, finite difference
method, projection and contraction method.
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1 Introduction

An option is a financial derivative that allows the holder to buy or sell a specific quantity and
quality of underlying assets at a fixed price on a specified date or within an agreed period.
In options trading, the fixed price is called the strike price, and the fixed date is called
the expiration date. According to the difference between buying and selling the underlying
asset in the contract, options can be divided into call options (buy) and put options (sell).
According to the different execution times of the option, it can also be divided into European
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options and American options. European options must be implemented on the expiration
date specified in the contract, while American options can be executed on any trading day
(including the expiration date) before the expiration date. The option has always been
popular because of its characteristics of avoiding the risk of asset price fluctuations and
becoming a critical hedging tool.

As the financial market takes off, the option pricing problem has been paid more and
more attention by issuing companies and investors. It has become a widespread research
problem in financial mathematics. As early as 1900, Bachelier mentioned option pricing in
his dissertation [4]. In 1973, Black and Scholes established the famous Black-Scholes model
(B-S model) and gave the formula of European option pricing [7]. Since there is no explicit
expression for American options, researchers have to resort to numerical methods. Cox et
al. proposed the binary tree method [12] in 1979, Han et al. proposed the method based on
non-local boundary conditions [18] in 2003, and Yang et al. proposed the front-fixing finite
element method [21] in 2008.

To make up for the fact that the classical B-S model can not explain the phenomenon
that asset prices jump due to external factors, Merton introduced the Poisson process to
describe the fluctuation behavior of asset prices in 1976 [28]. Since then, researchers have
begun to study the option pricing model under the jump-diffusion model. Since the model
contains a non-local integral term, people prefer a numerical solution to the model. In 2005,
Achdou et al. summarized most numerical solutions in their book [1]. Besides, Cont et al.
proposed the explicit-implicit finite difference method [10], and Ascher et al. [3] and Frank
et al. [15] designed a second-order explicit-implicit method.

Over the past few decades, researchers found that standard option pricing models cannot
accurately account for cyclical changes in option prices caused by short-term political or
economic uncertainty. In 1989, Hamilton first proposed the regime-switching model for
American option pricing [17]. In 2002, the research results of Elliot and Buffington made
the model more popular [8]. In addition to option pricing, researchers also generalized the
regime-switching model to other fields [13, 16, 19, 37]. Numerous research work on numerical
methods of option pricing under the regime-switching model can refer to [9, 24, 33, 36].

Inherently, researchers try combining the regime-switching and jump-diffusion models
in American option pricing. The main task of this problem is to solve a system of coupled
partial integro-differential equations (PIDEs), and it is difficult to obtain a closed-form
solution. Hence, researchers used several numerical methods to get its numerical solution in
recent years. Lee designed a second-order finite difference method [27]. Bastani et al. used
a radial basis collocation method in a meshfree framework [6]. More recent related works
can refer to [23, 29, 31, 32, 34, 35].

The problem of American option pricing under regime-switching jump-diffusion models
poses two main challenges for efficient numerical implementation. The first challenge is
that this problem has an infinite domain, and a reasonable truncation should be given to
localize it. In our work, we propose a novelty truncation technique for solving American
options on a bounded domain. The truncated condition is accurate on the left and relaxed
on the right, where the looseness is admissible because the option price tends to zero on
the right. Our new truncation technique also could avoid part of the numerical error since
some integral terms can be calculated precisely in the pricing model. The second challenge
is that it is difficult to conceive a succinct numerical scheme with complete theoretical
analysis and efficient numerical solutions for evaluating options. By our truncation tactic,
the standard composite trapezoidal formula and finite difference scheme are competent for
the discretization of the truncated model problem and result in a discretized LCP, which has
a numerically friendly structure and can be solved effectively by projection and contraction



method (PCM). We analyze the stability, monotonicity, and consistency of the discretization
scheme, and establish the error estimation additionally. The numerical experiments show
the efficiency of our method for Merton’s and Kou’s models. To our knowledge, this paper’s
work on truncation technique and numerical analysis is unexplored for the PIDE-LCP model
arising from American option pricing under regime-switching with jumps.

The rest of this paper is organized as follows. In Section 2, we introduce the original
option pricing model and its simplified form, respectively. We also use truncation techniques
to localize the infinite domain of the simplified pricing model to be a bounded one. The
discretized model is presented by applying the composite trapezoidal formula and finite
difference method in Section 3. Simultaneously, we analyze the related properties of the
discretization scheme and estimate the convergence error. In Section 4, we apply the tailored
projection and contraction method to solve the discrete model, and show some convincing
numerical results. Conclusions are given in Section 5.

2 Pricing Model and Truncation

In this section, we will briefly describe the mathematical model of American option pricing
under regime-switching jump-diffusion models and simplify the model by variable substitu-
tions. Then we propose a truncation technique, which leads to an exact condition on the
left boundary.

2.1 Option Pricing Model

Before introducing the pricing model, let us present some preliminary. Suppose oy is a
continuous Markov chain defined in probability space (€2, F,P) and its finite state space is
M ={1,2,...,Q}, where Q is the total number of states and each state represents a specific
regime. According to the Markov chain theory, assume A = () oxo 1s the generator matrix
of ay, where o;; satisfies the following conditions:

° OéZJ>O,VZ7£j,]_<Z,j<Q,

o oy <Oand a; = —) oy, 1 <i<Q.
J#1
Under the risk-neutral measure, the underlying asset price S; satisfies the following stochastic
differential equation [27]:

% = (ro, = day — Ao, K) At + 00, AW + Yo, AN, (1)
where 7, is risk-free rate, d,, and o,, stand for the dividend and the volatility of the under-
lying asset in regime ay, respectively. W; is a Brownian motion and N;** denotes a Poisson
process with intensity \,, depending on the regime ;. y,, is a set of independent, identically
distributed random variables with probability density ¢g(y) and represents the jump ampli-
tude from S, to S; in regime ;. The expected jump percentage is k = E (y,, — 1). It’s
worth noting that the stochastic process ay, W, N}, N2, . .. ,MQ are mutually independent.

According to Theorem 6.2 in [22], if we know the price of either an American call option
or an American put option, we can calculate the price of the other one directly. Thus, we
consider American regime-switching jump-diffusion options on the asset price S; = S, and
take the put option with the expiry date T" and strike price K as an example. According to
the definition of American put option, the solving domain [0, +00) x [0, 7] could be divided
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into holding domain Egi) and exercising domain Egi) in regime i, where i € {1,2,...,Q}.

In the holding domain 2?’, the option price satisfies P;(.S,t) > max{K — S,0}; and in the
exercising domain Zg), the option price satisfies P;(.S,t) = max{K — S,0}. It is not hard
to find that there is a natural continuous boundary I'; : S = B;(t), 0 <t < T between Zgi)
and Eg), which is called optimal exercise boundary.

Based on the stochastic differential equation (1), using A—hedge principle and It6 for-
mula, we could derive that the option price P; = P;(S,t) on 25“ satisfies the following partial
integro-differential equations [14]:

0P, 1 ,_,0°P OP,
400
St N—a Pt el [ R(Sy0g@)dy =0, i=1:-.Q
1#i 0

Let P(S,t) = (Py(S,t),..., Po(S, t))T, then the option pricing problem could be described
in the form of a set of free boundary problems:

(L;P;(S,t) =0, Bi(t) < S < +oco, 0<t<T,
Bi(S,T) = P*(5),  Bi(T) < S < oo,

oP,

— (B;(t),t) = —1 <t<T

og (Bilt))=—1, 0<t<T.

lim P(S,t)=0, 0<t<T,

\ S——+o0

fori e {1,2,...,Q}, where P*(S) = max{K — S,0}. In fact, the free boundary problem (3)
also could be rewritten as the complementarity problem [27]:

([ —L;P(S,t) >0,
Fi(S,t) — P*(S) > 0,
LiF(S,t) - (Pi(S,t) — P(S)) =0,

P,(8,T) = P(S), (4)
Pi0,t) = K,
lim Py(S,t) =0,
\ S—+4o00

fori € {1,2,...,Q}, where (S,t) € [0, +00) x [0,T).
The complementarity problem (4) is a backward variable-coefficient problem, which could
be transformed into a foreword constant-coefficient form by using the transformations

T=T—t S=c¢, Vix,7) = Pi(S,1).
For clarity, we take Q = 2 as an example to present the transformed problem given by

( 21‘/1((%,7') Z O,
Vi(z,7) = V*(z) = 0,
LVi(x, ) (Vi(x,7) = V*(z)) =0,

Vi(x,0) = V*(x), (5)
lim Vi(z,7) =K,
T——00
lim Vj(z,7) =0,
\ z—>+o00



for i € {1,2}, where (z,7) € (—o0,+00) x (0,T], V*(x) = max{K —e*,0}, and the operator
£; is given by

v,

£i%<x77—) 81}

ov, 1 ,0%, 1
=3 2’8 —|—( rl+d+)\m>
+o00 (6)
+m+&—amm—§j%w—&/'1&x+m%ﬂww@.
I#i 0

Further, in order to transform the differential part of the operator £; into a conservation
form, we make the transformation Vj(x,7) = Wy(z, 7)e57t"% where n; and &; satisfy

1 1
772‘:§+U—( T2+d+>\/i)
1 1
& 50?773 (20i2 — 7+ di + Nik)ni — (1 + A — i)

Now, the complementarity problem (5) is simplified to the following form:

(L. Wi(x,7) >0,
Wila,7) — W7 (2,7) > 0,
£Le W(x 7)- (Wi(x,7) — WH(z,7)) =0
W;(z,0) = Wi(x, 0) (7)
Il_1>moo Wi(x, 1) = mgr_n Wi(x, 1),
\ :cl—1>r-i{loo Wz(l’,T) B

for all i € {1,2}, where W} (x,7) = e %7 "% max{ K — ¢%,0}, and the operator £, is given
by

ow; 1 ,0°W,
L Wile,m) == = 50 5 5 =Y auWe@ertmme
I
+oo
— A Wi(z +Iny,7) g (y) y"dy.

0
It is necessary to claim that we will specifically consider two different jump-diffusion
models: Merton’s model [28] and Kou’s model [25]. The probability density function in
Merton’s model can be written as

1 (ny—p)*
BT (log-normal distribution)

ﬂw=¢%®€ ,

and in Kou’s model can be read as

g(y) = q02y92_11{0§y<1} +p91y_91_11{y21}, (log-double-exponential distribution)

where 1, is the indicator function of the set x. Note that the parameters ;1 and ¢ in log-
normal distribution stand for the expectation and standard deviation of the random variable
Iny, respectively. And the parameters in log-double-exponential distribution must satisfy
that p,q,05 > 0,60, > 1, and p+q=1.



2.2 Truncation technique

In this subsection, we will introduce a truncation technique to truncate the infinite spatial
domain of the simplified model (7) into a bounded one. The technique consists of an exact
truncation on the left and an empirical estimation truncation on the right. We discuss the
original problem (3) before transformations, and establish inequalities of prices and optimal
exercise boundaries between the original problem and its two related problems firstly. Then,
with the help of the inequalities, the left boundary of the solution domain in (7) shall be
truncated at a fixed position, and an exact boundary condition is obtained.
For clearness, we first review the following two types of options.

Definition 1. An option is called a permanent American put option under jump-diffusion
model in regime i (i = 1,2,...,Q) if its value function P; = P;(S) satisfies

Lf’(S) 0, B;j<S<+oo,

O By = 1,
95 _ (8)
P( ) Bi’

\S—1>r—|r—loopl(s) - O’

where B; is the optimal exercise boundary, and the operator L; is given as:

o d2P
2
LiP, = 5009 1

1 dpz _ +oo
5 = d = A)S T~ e AP A [ P(Spa(w)dy
0

Definition 2. An option is called an American pul option under jump-diffusion model in
regime i (i =1,2,...,Q) if its value function P; = P;(S,t) satisfies

(L.P(S,t) = Bi(t) < S < +o0, 0<t<T,
P.(S,t) = max{K—S,O}, 0<S<B(t), 0<t<T
]5(5 T) = max{K — S,0}, By(T) < S < +o0, (9)
d
= — <
as( (t)t> 1, 0<t<T
lim P(S,t) = 0<t<T,
\ S—+o0

where Bz(t) is the optimal exercise boundary, and the operator L; is given as:

.. 0P 1 02D P
P = 0252 ] — v
L, P, -+ 262- 1 o + (r; — d; — M\ik )Sas

(ri + N )P + A\ /OJFOO ]5(Sy, t)g(y)dy.

Next, we recall some useful results by the following lemmas, which helps us establish
inequalities of prices and optimal exercise boundaries between the original problem and its
two related problems.

Lemma 1 (cf. [30]). The option price 151(51, t) decreases monotonically with respect to S
and t. And the optimal exercise boundary B;(t) increases monotonically with respect to t,
which leads to

Bi(t) < Bi(T) = K min {;— 1} . (10)

i

Here, P,(S,t) and B;(t) are defined in Definition 2.
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Lemma 2 (cf. [30]). If Ty > Ty and t € [0, T3], we have

P(S,t:Ty) < Py(S,t:T1) < Py(S, t;00) = Py(S),

Y (11)
B; = Bi(t;00) < Bi(t; Th) < Bi(t; T),

where f’i(S, t;T) represents the option price defined in Definition 2 with expiry date T, and
B;(t;T) is the same. In addition, P;(S) and B; are defined in Definition 1.

Lemma 3 (cf. [30]). Forallt € [0,T), P,(S,t) is a convex function respect to S, so we have

82

652<5t) 0,

where P;(S,t) is defined in Definition 2.

Now, we can obtain the following inequalities for option prices and optimal exercise
boundaries.

Theorem 1. Suppose that Q = 2 in problem (3), and 1 = 1o, di = da, 01 > 02, A\ > A,
then we have

P,(S,t) < Pi(S,1) < Pi(S),

_ . (12)
By < By(t) < Bi(t),

where Py(S) and By are defined in Definition 1, Py(S,t) and By (t) are defined in Definition 2,
and P;(S,t) and B;(t) are the option price and optimal exercise boundary for American put
options under the regime-switching jump-diffusion models with i = 1, 2.

Proof. We only need to prove the inequalities of option prices, and the inequalities of optimal
exercise boundaries will be obtained once those of option prices are achieved.

Let P(S,t) = (Py(S,t), Pi(S,t))". Using the definition of £, and the property that
£~1P1 < 0, we can obtain that

LiP = LP + (o1 + 0612)]51 <0. (13)

By the assumptions r; = ry, di = dy, and 01 > 09, we can get

1 ,0P? oP
LoPy =L,P + 5 ( )S 552 —(A\y — Al)mS%
— (e =A)P+ (A2 - )\1)/ Py(Sy, t)g(y)dy (14)
0

<0a—n) [ w(é(Sy,t)—Pl(s,t) (59~ )52, t>> )y

To be precise, here we use the property of £, P; < 0, the conclusion of Lemma 3, the defini-
tion of k (k = E (y — 1)) and the property of probability density functions ( f0+oo g(y)dy = 1)
in order.

Furthermore, by the convexity of Pi(-,t) (see lemma 3) and A; > Ay, we know the right-
hand side of inequality (14) is nonpositive. Moreover, it is not difficult to find that the
inequality P, < P, always holds in the boundary without considering the position of the
optimal exercise boundaries. Therefore, we can use the comparison principle [14] to obtain
the left price inequality. The right inequality of prices is already given by Lemma 2. ]



Remark 1. We notice that B; in Theorem 1 is determined by the density function 9(y).
In specific, if we choose Merton’s model, we can obtain that B; = K3/(8 — 1), where § is
the negative root of the equation
1 9 9 1 2 z+1622
G(z) = 50i%" + (ri —d; — Nk — §Ui>x — (ri + Xi) + X207 =0,
If we choose Kou’s model, we can obtain that B; = K (03 +1)v172/(02(71 —1)(72 — 1)), where
Y1 > 72, and they both are the negative roots of the equation

1 1 o 0

Since the values of B; have been given both in Merton’s model and Kou’s model, by
Theorem 1, we can directly use min{B;, By} as the left truncation location of the prob-
lem (3), and obtain an exact left boundary condition with the payoff form. Naturally,
Inmin{ By, By} shall be applied as the left truncation location of the problem (7) with an
exact boundary condition. For the empirical truncation estimation on the right of the prob-
lem (7), it has been shown that the error caused by the right-hand truncation decreases
exponentially pointwise with respect to In.S. Similarly, we choose Ly = In3K as the right-
hand truncation boundary [10], and the corresponding right boundary condition is set to
Zero.

Combining the truncations of both sides, we truncate the infinite domain R to be [—L, L],
where L = max{—Inmin{By, By}, Ly}. Therefore, we have the option pricing model on a
bounded domain as follows:

([ Lw;(x,7) >0,

wi(x, 7) — wi(z,7) >0,

Lwi(x,7) - (wi(x, 7) —wi(x, 7)) =0,
w;(x,0) = wi(x,0),

wi(—L,7) = wi(—L, 1),

| wi(L,7) =0,

for i € {1,2}, where (z,7) € (=L, L) x (0,T], w}(z,7) = e %" " max{K — e, 0}, and the
operator %, is given by:

(15)

L ailwle(fz*&)ﬂr(m*m)x
eL—:L‘ (16)
— )\i/ wi(z+Iny, 7)g(y)y"dy, 1=3—1i.
0

ag/ﬂiwl(xa T) =

Remark 2. Although Theorem 1 is only proved under the assumption that r; = ry and
dy = dg, we can also use this truncation technique in more general cases since the optimal
exercise boundary of permanent American option can guarantee the accuracy of the left-
hand side truncation and In 3K provides a safeguard for the left-hand side truncation.

3 Numerical Discretization and Error Estimation

In this section, we will discuss the discretization of the option pricing problem (15) and ana-
lyze some properties of the discretization scheme. Also, we will establish the corresponding
error estimation in the last subsection.



3.1 Discretized LCP

For numerical implementation, a composite trapezoidal formula and a finite difference
method will be used to deal with the integral term and differential terms in the operator .Z;,
respectively. Then, we will obtain a linear complementarity problem in finite dimension.

We advance some notations. Let J, and I, stand for the temporal and spatial partition,
respectively. Specifically,

Jo0=np<n<---<71n =T,

T
AT=—, 1,=17+nA7r, n=01,---, N,

i (17)
[hZ—LZZL‘Q<ZL‘1<"'<SENI:L,

2L ) )
Ax:ﬁ’ x]:‘r0+jA‘r7 ]:0717"'7NZ'

We use wy; for the function value of w;(x;,7,), which is the exact solution of (15) at the
partition node (z;,7,), where t = 1,2, j =0,1,..., Ny, and n =0,1,..., N;. We also utilize
u;; for the numerical solution in subsequence, which is the approximation of wy';.
Considering the challenge of dealing with the integral term in .Z;, we design its dis-
cretization scheme first. In the case of Merton’s model, changing the variable Iny to z, the

integral term
L—x

Lo = [ et ) g (o) dy, (18)
0
could be rewritten as

(z=n5)?

L—x
an) =G [ wiesznne

where C; = e(mi=29"10) /(5/27) and pf = p + 62n;. In addition, we use the composite
trapezoidal formula to approximate I;(z,7) at the point (x;,7,) as follows,

No—1  n(k—j+1)Az (o ty?
Ii(gjj;Tn) == CZ Z / wz(m] + Z7Tn)€_ 252 dZ
—jAzx (ZiM;)Q
+Cz/ w:(Ij+Z7Tn>6_ 252 dz
Nt (19)
CiAr ((k=j)Az—p})? ((k—j+1)Ae—p¥)?
T 03 [uzke_w tulpae |+ R
k=0
- ®,,U' + R,

2

where .
D = (0ij0,20i 1, 205 jNo—1, DijN.)
(k=) Az—p¥)?

¢i:j:k:e_ 262 ) k:()al? 7N$7

-
n __ n n n
U’ = (ui70,ui71,...,ui,Nz) ,

—jAw (=)’
R}, = Ci/ wi(z; +2z,m)e 262 dz.

[e.9]



In particular, R}, can be written as
o — . . _ 52,2 . 152 . _ 52,2 .
R} — WA (e PN, (< jA) - AT RIEN, (< jA) )

where N, 2(z) represents the cumulative distribution function of normal distribution with
mean a and variance b?.

In the case of Kou’s model, we employ the same variable substitution as for Merton’s
model and have the following approximation,

J (k—j+1)Az
Li(zj, ) = qb- Z/ w; (xj + 2, 7,) eMT02)2q,
No—1

(k=j+1)
+ pth Z / ’ w; (7 + z,7,) M3 dy
k=j (k—j)Azx

—jAzx
+ q92/ w; (x; + z,7,) M0 d,
. (20)

—1
QA 3
~ Q . n Q n
~ E : [ez‘,j,k“i,k € k1 Wikt
k=0

PA:E
E n
92 ,],k 7, k + ezj k—i—luz k—i—l} + Ri,j
k=j

A
_ 02 ‘o] U+ R,

where C; = 1,

Q = qbs, egj’k — 6((m+92)(k—j)Am)’

P = pb,, ef = elm+o1)(k=)Ax)

4,7,k
D, = [Qe%’o, 2@6%’1, cee QQeSijl,
.
(Qe”] + Pe”]> 2P6”]+1, e ,2Pefj7Nz_1, PeijNz ,
—jAzx
R;; = q92/ W} (1) + 2, 7,) e 027z,
—0oQ

Specifically, we can compute R;; by

A A 0
sz — qeniL_”h']A$_92]Ax_fiTn (K _ - +292 G_L) )
It needs to notice that the values of the vector ®;;, C; and R, in (19) and (20) are different,
and we write them in an invariant form for the subsequent ana1y51s.
Now, we consider approximating the differential terms, which will be discretized by the
backward Euler method in the temporal direction and central difference quotient for the
second-order partial derivative in the spatial direction as follows,

Ow; Uiy
E(Ijﬁnﬂ) ~ T A

0%w; _ ufﬁl — 2u”+1 + u?jll
W(%’,Tnﬂ) ~ (Ax)

10



Based on the above approximations of the integral term and differential terms, we now
present the discretization of the option pricing problem (15) in point-by-point form, which
can be read as

( L[t >0,
’ 1
it =g >0,
’ n+1 ’n+1 n+lx\
Liujy - (uiy” —ui; ") =0, (21)
0 _ ,0.x
Uij = Wi
n — n,
Ui = Ui
n P
\ ui,Nz - OJ

for i = 1,2, and any fixed (j,n), j = 1,2,...,N, — 1, n = 0,1,..., Ny — 1, where v} =
e =m% max{K — €%, 0}, and the operator L; is given by:

n+l . n n+l n+1 n+1
Lol =Yg~ % L pUigen 2y Ui

B AT 2" (Az)?

— agel Gy ) (szAx

(22)

® U+ R;fj) . 1=3—1.

Since the value at the boundary is known, for simplicity we denote the vector to be
solved in terms of U™ = (U; Uy'), where

— T .
n __ n n n _
U’ = (uil,uig,...,ui’]\,ﬁ_l) , 1=1,2.

We should pay attention that U" = (Uj;Uy) is a 2(N, + 1)-dimensional vector while
U" = (U, UY) is a 2(N, — 1)-dimensional vector.
Furthermore, let
T, TNk TN, n,* n,* n,% n,% T
U - (Ul ,UQ ) - <U171,...7u17Nz_1,U2717...,u27Nz_l) .

B=A7/(Az)?,  pi = —ayAre”mTmLHGGnAT g 9 1 =3
and we can rewrite the discretized model (21) into a matrix-vector form as follows:

(AU" + BU™™ — Ar®U" + F, U™ —U"'*) =0,
AU" + BU" — At®U" + F >0, U™ — U >0, (23)
UU — [70,*’

forn=20,1,..., N; — 1, where

e(m_ni)Am
A:<;1I ﬁ)’ Ai=pi- ,
2 c(m=n:)(Na—1)Az
(Np—1)x (Np—1)
1+ ;If —3p
_ (B O | %
B - ( O B2 ) ) Bz - _0_2'2 9
2
0'7:2 2
—30 1+o; (Nz—1)x(Ngy—1)
. )\1@1 O . . Cl
P = ( O r®, | ®;(j,n) = 7A$‘I>”(n+ 1),
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and the vector F' = Fp — ATF,. — A7F; with

2 o2 T
Fp= (-ZLurito,. 0~ 2lui0, 0 0)

2 2

n T
F. _()‘IRLD-- )‘1R1N—17)‘2R217' ;A2 2Nz 1) )

Fr = = = (MO (@11 (1), -, @11 (1)), Ao Cougp(@24(1), - - By, (1))
Let # (U”) = AU" — A7®U" + F, and the problem (23) can be reformulated into the
following form:
(BO™ + 7 (O7).
U() UO *

gl — Oy = 0,
0, U"+1 Unix >0, (24)

Remark 3. It is clear that for given U™, the problem (24) is a linear complementarity
problem (LCP) with respect to U™*!. By the definition of the matrix B in (23), it is easy
to check B is symmetric and strictly diagonally dominant, and the elements on the diagonal
of the matrix B are all positive. Thus, the matrix B is positive definite. Moreover, we can
get the uniqueness of the solution of the LCP (24) by the work in [11], which implies the
LCP (21) is well posed.

Remark 4. It should be paid attention that our discretized model (24) can be extended
to the case where the number of regime is greater than or equal to 3. Suppose we have
Q regimes in our discretized model (24), where Q@ > 3. Then the discretized matrix B
will become a REWN==DxQMNo=1) matrix and the vector U” will become a REN==1*1 yector.
Their specific formulae are as follows

31 2
2 g,
. 2 . .
B - B’L b B’L - 2 2 )
.‘ .' Ufl
9 2
_o 2
Bg 28 108 ) (e
" = (Op;--- ;00 ;08) = (uff n ) n ) n )T
— ]_7 3 i7 9 Q —_— ul,l""’“’l,Nz—l? 7Ui71,...’ui7Nz_17 7UQ717...’UQ’NI_1 .

And the corresponding changes to .# (U”) and U™* are in the same way. In fact, based
on the structure of B, the discretized model (24) with Q regimes could be decomposed
into Q subproblems and solve them in parallel. Therefore, the increase in the number of
regime will not increase the dimension of the subproblem, which leads to a small increase
in computation time.

3.2 Stability, Monotonicity, and Consistency

In this subsection, we will verify the stability, monotonicity, and consistency of the dis-
cretization scheme. We first start with the stability analysis.

Theorem 2. Given the temporal and spatial partitions by (17), the discretized model (21)
is stable for initial value, which means that there is a constant C' satisfying

U | < CI U, ¥ € {0,1,---, N, —1}. (25)
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Proof. Let m = argmax <y, {max{|u*"[,|uj*[}}, according to the nonnegativity of u]'}*,
it has U™ = max{uf?!, u5l'}. Without loss of generality, we assume |[U™||, =

n+1 n+1

uy,, . Observing the discretized model (21), we divide the value of uj
discuss the stability of the numerical scheme.

. 1,
On the one hand, if u}}" = u{,,, then

into two cases to

U7 oo = i

= e ST mIm yax [ — e 0}
= e OAT T aT e max{K —e" 0}

_SIAT T,*
(& ulym

< max{e 827, e AT byt
< e AU oo

where £* = min{&;, &}
On the other hand, if uf/' > u?’;ll and satisfies Lyul'}' = 0, by applying the definition

of the operator L; in (22), it has

W = SR BR L — 20 L) — anArel G ey
MCIATA
~ MATRY],, — %@Imw ~0
Then, using the triangle inequality, we have
(1+038) U)o
2
o
:H?lﬁ ( 71”7;11 L+ u?:zl—i-l) + uim + a12A76((€2—§1)Tn+(n2—ﬂ1)zm)ug’m
MCIATAR
+ MATRY %@[mwnm
SU%HU”HHOO + HUnHoo + algATe((EQ_fl)Tn+(772—771)1’m)HU"HOO (27)
Ole

+ MATRY, + MAT|——®/, . U"||«

<o BIU" Moo + Ul + C*ATHU"HOO

Ol Azx

+ MATRY, + MAT| @] U" ||,

where C* is a constant that only depends on the bounded solving domain and satisfies

|ovi S_ie((g?sfi_fi)'rn+(7737i—77i)xm)| <C*, i=1,2.

Y

For the fourth term on the right of the inequality (27), by using the property of the proba-
bility density function g(y), we have

e J
R;; < sup |wz*(f€j+1nyﬁn)y"i/ 9(y)dy
ye(0,e”L7%4] 0
<|NU™|oe  sup  [y™]
ye(0,e”F7%4]
< I'U"| oo
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where [* = max{e ?nL e¢=2mL 11 Now, we deal with the last term on the right of the
inequality (27). Because all the elements of the vector ®; ; are positive, let

CiA CsA
Mg = max {max( ! x<I>1Tj, 2 x@;j)},

0<j<Ny 2 2

then we could get

ClAJT n n
| =], U < Mal| U
Therefore, according to above scalings, it has
U™l < (1+ HAT) U |- (28)

Here, H = C* + (Mg + I*) max{\;, A2 }.
Further, combining (26) and (28), we have

[T oo < max{e™27, (1 + HAT)HU" |,

which yields
Mwwm_mww¥mu+HAnfﬂwwn
= max{e ¢ VAT (1 L HAT)" U .

According to Bernoulli inequality, we know that

. HT \""
max{e~¢ VAT (1 4 HAT)"'} < max {6_5 T lim (1 + ) }
n—-+oo n + ]_

= max{e ¢ 7 T}

Finally, let C = max{e™¢"T, efT} we could get the estimation (25). O

Next, we begin our analysis of the monotonicity with the following notations. Let

n+1 n+1 n+1 n n+1 n+1 n+1 n .
SOj( ij 0 Y1 l]+1’U)_au bui,j 1_buzj+1 F}(U)v 1§]§Nx_1a

where a = 1+ 028, b = 023/2, and
2
For any j =1, --- , N, — 1, defining

n+1 n+1 n+1 n\ __ : n+l  n+l n+1 n n+1 n+1,*
%( ij o Wig— l’um+1’U ) —mm(goj( Uig U1 m+1’U )’ Wij = Ui )’

F(U") = S U +u}; + oz Arel-immlut G —myn 4 NATRY .

we can reformulate the discretization scheme in (21) into the form of

¢] ( n+1 unt! n+1 Un) =0, j53=1,--- N, — 1, (29)

i o Yig—1 Wij1s
and deduce the following result.

Theorem 3. The discretization scheme in (29) is monotone and independent of the parti-
tions {J;} and {I,} in (17), namely, it holds that
¢J ( ?;_17 ;nj_ll + £1,U ;ljil + €9, un + 6362(1\7@1_’_1))

1 1 1
<¢] ( ;Vl;- ) ?j 19 ;rl;—+17Un) \V/El Z Oa &2 Z Oa €3 Z 07

+1 +1 +1
%ij( ?] +E u?g 1 ?]JrlaUn)

n+1 n+1 n+1 n
> (upt ult ult U™) Ve >0,

where e denotes the vector where all the entries are ones.
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Proof. For any €1 > 0,69 > 0,63 > 0, we have

n+1 n+1
©j (U’Z] s Ujjq T €1, U 23+1 + e, U" + 5362(Nz+1))

—n. pt1l  nt+l n+1 n\ __ _
=, (u” s U g ”H,U) be; — bey

MNATCA
- TTQ;‘I’T en,+163 — (1 + agAremm)zitE—E)m) o,

n+1 n+1 n+1 n
<@ (UZJ y U 515U zy+1’U)

According to the definition of v;, we have

n+1 n—|—1 n+1 n+1 n—i—l n
¢J( ij o Wig— 1€, w+1+527U +5362Nz+1) <wi( ij o Wig—1s ,J+1’U)

In addition, by using the nonnegative complementarity condition in (21), for any ¢ > 0, it
has +1 1, ntl
n n n n
wﬂ( +€U’Z] 1 Z]+17U)
—min (g a2 01 U)o a2 =)

. n+1l , n+l n+1 n n+1 n+1 *
>mm(90j(ij y Ui 515 zj+17U) — U )

Us i,J
. n+1 n+1 n+1 n
w] ( ij o Wij—19 zy—i-l’U )

The proof of monotonicity is completed. ]

At the end of this subsection, we present the consistency of the discretization scheme by
the following result.

Theorem 4. Suppose that the probability density function g(y) in (2) is continuous almost
everywhere (regardless of the set of all partition points). Then the discretization scheme
defined in (22) is consistent with the theoretical operator £, for i = 1,2, which means the
numerical scheme (21) is consistent with the continuous model (15). Moreover, if g(y) is
twice continuously differentiable almost everywhere (regardless of the set of all partition
points), then the truncation error will be O (AT + Ax?) pointwisely.

Proof. The truncation error Tﬁl of the difference scheme (22) is given by:

+1 +1
Y77 =Lw;; — ZLwi(x, Tryr)

C;A 1
=\ ( 5 xcijWi” + R;fj) + A—T(wgfj“ - —a F oW (30)

—ATOéilwleje((gl_5i)T"+(m_m)xj)) — Lwi(z;, Tpy1), =3 —1,
where W = (wig, wiy, ..., wi'y, ) and 62wl = wifl — 2w + w:‘;ﬂl From Theorem
3.2 of [14] the solution of problem (15) is contmuously differentiable in temporal direction
and twice continuously differentiable in spatial direction over the interior of the domain.
Therefore, by Taylor expansion, we have

L—x; A
i =N / wi (2 + 2,m) g (¢7) eV — 3,9 el w; (31)
—L—x;

+ O (A7) + O (Az?) .
which, in view of the continuity of g(y), the consistency is meet by

lim Y7 =0.
(AT,Az)—(0,0) 7

Additionally, with the above observation, we can obtain that Y7 = O (A7 + Az?) if
g(y) is twice continuously differentiable almost everywhere. O
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Remark 5. We notice that the continuous problem (15) satisfies the strong comparison
principle [14]. Thus the numerical scheme converges to the viscosity solution of the corre-
sponding problem [5] by the stability, monotonicity, and consistency above.

3.3 Error Estimation

In this subsection, we will provide the error estimation of the discretization scheme grounded
on the previous analysis in subsection 3.2. First, we deliver the equivalent variational in-
equality problems of problems (15) and (24) by some derivation and the available result,
respectively, then state our result of the error estimation.

Lemma 4. Let V;, (i =1,2) be the sets defined as

R 2,1 . U( ) w( 7T>> (7T)E<L7L)X(O7T];
V”—{ €O L) = wi(—L, ), (L, 7) = ;L,T),vfem,ﬂ}’

then the problem (15) is equivalent to the following variational inequality problem,
Find w; € Vi (i = 1,2) such that for any v € V; .,

Zwi(x,7) - (v(z,7) —wi(z,7)) >0, V¥V (x,7)€ (-L,L)x (0,7, (32)

w;i(z,0) = w;(x,0), Vae(-LL).

Proof. For the necessity, let w;(i = 1, 2) be the solution to problem (15), then we can directly
have w; € V;; and w;(z,0) = w!(x,0). If w; > w} at (x,7), then from complementarity
condition in (15) we have Zw;(x,7) = 0, which yields the inequality in (32). If w; = w} at
(x,7), then for any v € V; » we have v —w; > 0 at (x, 7). Using the inequality Zw;(z,7) > 0
n (15), we can get the inequality in (32).

On the other hand, if w;(i = 1,2) is the solution to problem (32), then we only need to
verify Zyw; > 0 and Zw;(w; —w;) = 0. Similarly, if w; > w} at (z,7), let v = (w; +w})/2
and w; successively, which directly yields Zw;(z, 7) = 0 and the complementarity condition.
If w; = w} at (z,7), then it is trivial to finish the proof by using the inequality in (32). [

Lemma 5 (cf. [11)). LCP (24) is equivalent to the variational inequality problem

(33)

{ (BUn+1 + F (Un) VvV — UnJrl) > 07 V'V > lj*n+1,>|<7
UO UO *

Theorem 5. Let {w;(x,7), i = 1,2} and {U", n=0,1,..., N,} be the solutions of problem
(15) and problem (24), respectively. Then we can give the following error estimation in
discrete Lo-norm:

1
Np—1 2
TN N || N, N
[T = W], = (ZAI (’“13 Nl s — wi >> (34)
j=1
= O (AT + Az?),
where W™ = (Wi, W]y, WS ,w;szl)T.
Proof. From Lemma 4 and the definition of truncation error in (30), it follows that

(BWN_H + F (V_Vn) o A7_'I~n—‘r17 VvV — Wn—f—l) Z O, VYV Z l_]n-i-l,*, (35)
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forn=0,1,...,N;—1, where Y™ = (Yt . 00 ovptt et ) and Y =
O(AT + Az?), which hasibeen proved in Theorem 4. B
Let g™ = Wl — U™ With V. = W™ and V = U™ in (33) and (35), respec-
tively, we can obtain that
(B€n+1, €n+1) _ (BWn-‘rl V_Vn-H . Un-i—l) . (Bl_]n-‘rl7 V_Vn-‘rl o l_]'n-‘rl)
< (=F (W) + Ary Lt — Ut — (-7 (O) , W — U
= (ZF(U") —Z (W") + Arx" Wit — )
(( A+ AT®)e" + AT "H)
< (L+A7(D* + RBY)[le™ [l + AT []le™ ),

(36)
where D* = max{|as| , |ao|}elmmiFTIE=4] and
. max{\C1, \yCs } Az, (Merton’s model)
R = 2L(max{61,02 }+max{ ) )
max{ A1, A2} max{qbs, pd; }e 192 ) Ax, (Kou’s model)
Moreover, it holds that
(B€n+1,€n+1) 2 )\mm|’€n+1“27 (37)
where \,,;, is the minimum eigenvalue of the positive definite matrix B.
Combing the inequalities (36) and (37), let G* = D* + R*, and we have
14+ G*AT B AT
le™ || < ———le™ Ml + — ™|
Amzn >\m7,n
1+ G AT\ S (1HGran\t Ar
< (A—) €]l + (Z ()\—> . ['sadd] (38)
mwn k=0 min min

— sz_l ﬂ ’ AT HTNtH
k=0
Now, we are going to check the boundedness of the coefficient of the right-hand term
n (38).

By the property of tridiagonal pseudo-Toeplitz matrices [26], all eigenvalues of the matrix
B;(i = 1,2) can be expressed as

M =14+ 028(1 —cos(kn/N,)), k=1,...,N, — 1,

and we can get

Amin = 1+ 02B(1 — cos(l)) =1+ UQAT(—Q + o(Ax)),

N, 8L?
with o, = max{oy,09}. If (1 + G*AT)/\pin > 1, we have
Ni—1 k
§§<Z( — > >)\mm§T(1+G Ar)N < T T, (39)
k=0
otherwise,
2 2 Ne—1 % k
_(oxrt 1+ G*AT AT
Te Giz)T < <T. 40
With the above observations, we can verify the desired boundedness, which completes the
proof. O
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4 Numerical Experiments

In this section, we report some numerical results to show the performance of the proposed
scheme. We first specify the made-to-order projection and contraction method for solving
the discretized problem (24), then verify the efficiency of our scheme. All the experiments
are performed in MATLAB (version R2022a) on an Intel Core i7 CPU of 2.10 GHz.

4.1 Implementation with Projection and Contraction Method

To simplify the format of the algorithm, let U"*+! = U™+ — U™ and Tl = 7 (Un) +
BU"™ " and the model (24) can be represented by a standard LCP:

(ijn+1 + §n+1’ fjn+1) — O,
BU"! 4 Zntl > 0, U+l >0, (41)
U° =0.

Following we shall introduce an efficient projection and contraction method (PCM, [20]) to
solve the LCP (41).

Let = {(7”*1 € R2Na=1) | Ul > 0}, and define the projector Po(U™t!) as follows
Po(U™1) = argmin [|[U™" — vy = max{U"**,0}.
veEQ

Then one can verify that solving the LCP (41) is equivalent to finding the zero point of the
function

e(ﬁn+1) — Ut — P, [ﬁ'nJrl _ (BUn+1 mnﬂ)] _

Now, we introduce the framework of PCM to solve the above nonlinear equation as Algo-
rithm 1.

Algorithm 1 Framework of PCM

1: Input: ﬁ@ﬁ”“,
2: Output: U™,
3. Let U = U,
4: for k:Q,l,... do
if e(U™) # 0 then
d(UUf) (BT+J) e(UM),

)
p(U ’“;)H( NP/ T D)]?,

Uk = g® — p(U®)d(U®).
end if
10 U= U+,
11: end for

Adding some acceleration skills to Algorithm 1, we can improve its efficiency and ro-
bustness. And we apply Algorithm 2 to solve the LCP (41) in practice.

Algorithm 2 Practical PCM

1: Input: U™, Z™ v € (0,1),u € (0,1),0 € (1,2),e = 1077,
2: Output: U
3: Let k = 0, 0 =
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4 U=U"F, = BU + 7",

5: tol = abs (le — max (ﬁ — Fu,0>>.

6: while (tol > ¢) do

o dy=U"-U.dp=p0 (FY~F,),p" = |lde]/|du]|
10: while (p* > v) do

11 B = 260 min (1,1/p®) , T = max (TW — g9 FP, 0),
12: F, = BU + 7"+,

13 d, =0 - U,dp = 5 (FIY — F,) . o = | dpll/|du].
14: end while

15: duF = du + dF, V= d;—du, Vyp = dIquFa a* = V1/I/2,

16: U=U® —qa*odyr, F, = BU + F",
17: tol = abs (le — max (lNI — F,, O))

18:  if (p® < u) then

19: BE) = ) % o

20: end if

21: k=Fk+1and p® = g1,
22: end while

23: Let U™ =U.

We now bring some details of implementing Algorithm 2. Recall the matrix-vector form
(23) in subsection 3.1, the computation of the approximate integral ®;U" usually requires
O (N?) operations. However, after observing ®; is a Toeplitz matrix and converting the
matrix-vector multiplication into a fast Fourier transformation form [2], the operations could
be reduced to O (N log N) in the case that N is the power of 2. Unfortunately, in our regime-
switching model the degree of freedom N will always be in a form of 2k — 1 where k is an
integer, and we find that there is almost no difference between employing this trick and
directly computing the matrix-vector multiplication in MATLAB.

4.2 Numerical Examples

In this part, we first demonstrate the effectiveness of our method (Finite Difference with
Projection and Contraction Method: FDPCM) with the Radial Basis Collocation Method
(RBCM) [6] as an indicator, and give 3-D plots of the option prices. Then we illustrate the
results in Theorem 1 and verify the convergence order in Theorem 5. Finally, we show the
efficiency of our method by making a comparison with RBCM.

We consider an one-year (7' = 1) American put option under regime-switching jump-
diffusion models and give two numerical examples as follows:

« Example 1 (Merton’s model):
0.8 0.05 0.025 0.25
7= ( 0.3)”‘ ( 0.05)’d_ ( 0.025)“‘ ( 0.20)’K_1’
p=—0.025 §=+005 A= ( 2 2 ) ,
L = 2.0747.
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« Example 2 (Kou’s model):

0.8 0.05 0.025 0.25
7= <0.3)“’“_ (0.05>’d_ (0.025)’A_ (0.20)’K_1’
6, = 3.0465, 6, =3.0775, p=0.3445, A= ( _32 _23 > ,

L =2.1188.

Besides, the parameters in Algorithm 2 are set as v = 0.9, u = 0.4, p = 1.5, ¢ = 1078, Since
the effectiveness of RBCM has been shown in [6], we compare our method FDPCM with it
under the same spatial and temporal partition (N, = 256, N; = 500).

Option price at ¢ = 0 in Example 1 Option price at ¢t = 0 in Example 2

o FDPCM-P,(S,0) \ o FDPCM-P,(S,0)
o FDPCM-Py(S,0) || 0ol o FDPCM-P,(S,0) |
RBCM-P,(S,0) % RBCM-P(S,0)
RBCM-Py(S,0) || sl & RBCM-P,(S,0) | |
— — max{K — S,0} ) — — max{K — 5,0}
]

A, o5 8
N
Wy
041 §
\0}1
03 \ g
\ o
\
02l MRS —
\ o e
0.1 \ 5\2\&
\ o——H—
=5 a | ——b——o

L L
3 35 4 0 0.5 1 15 2 25 3 35 4

Figure 1: The option prices P;(S,0) (i = 1,2) in Example 1 and Example 2.

The result from Figure 1 shows that the gap between the solutions of option prices at
t =0 by FDPCM and RBCM is acceptable in either Example 1 or Example 2, which means
that FDPCM is a feasible method to solve the option pricing problem. Figures 2 and 3 show
the 3-D plots of option prices in Example 1 and Example 2, respectively.

Option price under regime 1 in Example 1 Option price under regime 2 in Example 1

P

Figure 2: The option prices P;(S,0) (i = 1,2) for Example 1.

20



Option price under regime 1 in Example 2 Option price under regime 2 in Example 2

P

Figure 3: The option prices P;(S,0) (i = 1,2) for Example 2.

Also, we present the optimal exercise boundaries of the two concerned examples in Fig-
ure 4. The numerical results visually illustrate the inequality in Theorem 1.

Optimal exercise boundaries in Example 1 Optimal exercise boundaries in Example 2

— By(t) By(t)
09k Bit) 09— Bi(t)

B B ]
o8 =5 l ogll—B

0.2 B 0.2

01r B 01

Figure 4: Optimal exercise boundaries stated in Theorem 1 for Example 1 and Example 2.

Next, we check the convergence order of our methods. As there is no closed-form solution
for American put options under regime-switching jump-diffusion models, we use the numer-
ical results obtained by FDPCM with an adequately fine mesh as the benchmarks where the
mesh ratio (Az)?/At is fixed at 0.8. Thus, for Example 1, we choose N, = 1024, N; = 48720;
for Example 2, we choose N, = 1024, N; = 46716. First, we verify the convergence order in
the spatial direction and fix N, = 48720 and N; = 46716 in Example 1 and 2 respectively
to reduce the influence from the temporal direction. Figure 5 shows that the convergence
order in the spatial direction is of order 2, which matches our estimation in Theorem 5.
Further, we verify the convergence order in the temporal direction and fix N, = 1024 to
reduce the influence from the spatial direction. Figure 6 shows that the convergence order
in the spatial direction is of order 1, which also matches our estimation in Theorem 5. It
should be mentioned that we translated the data of log(error) of regime 2 for clarity in
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Figure 5 and Figure 6.

Convergence order in Example 1

—order 2
—— log(error)-regime 1

log(error)-regime 2 ||

s a5 7
log(N;)

L L
45 5

log(error)

Convergence order in Example 2

——— order 2
—o— log(error)-regime 1
log(error)-regime 2 |4

L L L L .
3 35 4 45 5

log(N.:)

Figure 5: Convergence order in spatial direction under Example 1 and Example 2.

Convergence order in Example 1

log(error)

order 1
—e— log(error)-regime 1
log(error)-regime 2

L L L
6.5 7 75

log(INV;)

log(error)

Convergence order in Example 2

order 1
—o—log(error)-regime 1
log(error)-regime 2| |

65 7 75 8
log(V;)

8.5

Figure 6: Convergence order in temporal direction under Example 1 and Example 2.

The last experiment devotes to verifying the efficiency of our method. We compare the
error and running time of FDPCM and RBCM with the same partition (still fix the mesh
ratio (Az)?/At = 0.8). Specifically, we use discrete Ly-norm defined in Theorem 5 for
computing the error. The results in Table 1 indicate that our FDPCM is more competitive

than RBCM.

Table 1: The errors of P(S,0) and computational costs for FDPCM and RBCM.

4 .
Example N, N, Error (107%) Time (s)
FDPCM RBCM FDPCM RBCM FDPCM RBCM FDPCM RBCM
1 256 256 3045 3045 3.25 5.82 11.12 17.35
2 256 256 2920 2920 4.22 4.63 9.88 20.50
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5 Conclusions

This paper proposes an efficient numerical method for evaluating American options under
regime-switching jump-diffusion models. By the relation of optimal exercise boundaries
among several options, a simplified model defined on a bounded domain is first presented
to approximate the original model defined on an unbounded domain. Then a composite
trapezoidal formula and a finite difference method are applied to discretize the simplified
model to be an LCP in finite dimensional space. Sequentially, we established the stability,
monotonicity, consistency, and error estimation of the numerical scheme. Furthermore,
based on the characteristics of the discretized matrix, a projection and contraction method
is proposed to solve the LCP. Finally, several numerical simulations are carried out to verify
the proposed method’s theoretical analysis and efficiency.
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